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Abstract. The problem of heat transfer through layered material of gypsum board products exposed to fire is
studied in the paper. This paper proposes a thermal nonlinear conductivity model in different gypsum product
layers for foam gypsum plate (density 300kg·m-3) and gypsum board (density 1000 kg·m-3)with high
temperatures. The specific heat and thermal conductivity coefficients depend on temperature. These types of
connection are obtained using approximation by cubic splines. The 1-D nonlinearparabolic type partial
differential equation (PDE), expressing the rate of the change of temperature in every layer, is derived for heat
transfer. The approximation and calculation of corresponding initial boundary value problem is based on the
Matlab solver “pdepe”. The results of calculations are presented for one, two and three layered environment. The
results of calculations are compared with the experiments at the Faculty of Environment and Civil Engineering
of the Latvia University of Life Sciences and Technologies.
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Introduction
Gypsum plaster is applied in building along with other cementitious materials as cement and lime.
Gypsum boards are widely used for interior as walls or ceilings. This material is easy to produce, it is
friendly, it has good sound isolation and it is easy to use, it has low price and etc. Gypsum has also a
good fire resistance property. Thermal properties such as thermal conductivity and specific heat of
gypsum boards were studied extensively [1-3]. The effect of void fraction and dehydration on thermal
physical properties of gypsum board was investigated [4].
New composite materials with good properties as thermal insulators at elevated temperatures are
developed in building construction. One of these materials is foam gypsum [5; 6]. This is a material
with less density as gypsum board. Commercial gypsum boards are widely used in the building
industry as facing materials for walls and ceilings. Thermal response of gypsum materials has been
experimentally and numerically studied during the past years [1-11]. Materials based on gypsum are
known for excellent properties in fire protection and are used as general materials to protect building
structures against fire. A very important role here is played by the heat transfer processes in the same
material. It is much more important to determine the distribution of temperatures in a layered
environment, with gypsum materials with different physical properties such as density. Experimentally
it is very difficult to determine, therefore, the heat transfer process of mathematical modelling is used.
There are several computation models made to predict the thermal behaviour of gypsum boards and
foam gypsum under high heat conditions. These models investigate the gypsum layer with the same
physical properties. They revealed the significance of using appropriate physical properties for
simulating the temperature evolution inside a gypsum board when exposed to fire conditions [12-15].
As noted, “no significant influence of vapour transport on temperature is observed, when the phase
change is omitted” [15].
The aim of the present research is to develop a mathematical model of heat transfer thought the
layered material of gypsum with different densities (foam gypsum and gypsum board) at high
temperature (similar to fire) on one of the walls.
1.

The mathematical model
We study the heat transfer processes in the layered gypsum material at high temperatures. We
consider the gypsum material with different layered plates in x-direction: foam gypsum plate with the
density 300 kg·m-3 and gypsum board with the density 1000 kg·m-3. The gypsum board on one border
x = L is heated with temperature T = 20 + 345lg(8t/60 + 1) ºC (this equation simulates the burning
temperature),where t is the time in seconds. In one gypsum layer the heat and mass transfer process is
analysed and described in [16; 17].
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The hybrid experimental numerical method is proposed in this paper. The specific heat cp and
thermal conductivity K coefficients depending on temperature T are obtained: K decreases from the
value0.24 W·(m·ºC )-1 by T = 20 ºC to0.12 W·(m·ºC )-1 by T = 200 ºC, then K increase is depending
on T value 0.24 ; coefficients cp in these heat intervals are increasing from 1000 J·(kg·ºC )-1 by
T = 20 ºC to 5500 J·(kg·ºC )-1and then decreasing to 1000 . The process of diffusion and heat transfer
is considered in 1-D space domain

Ω = { ( x, y, z ) : 0 ≤ x ≤ L, − ∞ ≤ y ≤ ∞, − ∞ ≤ z ≤ ∞} .
The domain Ω consists of N layers medium (N = 1, 2, 3). We will consider the non-stationary
problem for N layered piece-wise homogenous materials in the domain

Ωi = { ( x, y, z ) : x ∈ ( xi −1, xi ), y ∈ (−∞, ∞), z ∈ (−∞, ∞)}, i = 1, N ,
where Hi = xi – xi-1 – the thickness of layer in Ωi, x0 = 0, xN = L.
The rate at which the temperature of the material changes in N layers is determined bythe heat
conduction PDE in the following form:

ρi

∂Ti
∂T
∂
=
(( K i (T ) / c pi (T )) i ); x ∈ [ x i −1 , x i ], i = 1, N , t∈ [0, t b ], ,
∂t
∂x
∂x

(1)

where cpi – specific heat;
Ki, ρi – heat conductivity and the density of the gypsum materialcorresponding;
tf – final time.

cp

k

We assume that the coefficients cp, K in the PDEs are dependent on the temperature T similarly
[12] . Cubicspline was used for approximation cp, K (see Fig. 1 2), the density ρ is taken as piece-wise
constant in every layer.

T, ºC

T, ºC

Fig. 1. Thermal conductivity K dependence on
temperature T

Fig. 2. Specific heat cp dependence on
temperature T

The thermal diffusion coefficientsare defined as follows

Di (T ) =

K i (T )
, i = 1, N
ρ i c pi (T )

in every layer depending on T. The initial condition for t = 0 is taken as Ti(x,0) = T0, where T0 = 20 ºC.
Then the following boundary and continuous conditions with discontinuous first order derivatives
of temperature on intermediate layers xi, i = 1, N − 1 are used (2):

 ∂T1 (0, t )
 ∂x = 0, TN ( L, t ) = Tb + Tl (t ),

T ( x , t ) = T ( x , t ), D (T ) ∂Ti ( xi , t ) = D (T ) ∂Ti +1 ( xi , t ) , i = 1, N − 1,
i +1
i
i
i +1
 i i
∂x
∂x
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where Tl(t) = 345lg(8t/60 + 1), Tb = 20 ºC.
In this case we can use the conservative averaging method (CAM). CAM for two layers with
special integral splines with hyperbolic trigonometric functions allows reduce the problem (2) to an
initial problem for the system of ODEs [18].
If the coefficients cp, K in the PDEs are continuous and only the density ρ is piece-wise constant
in every layer, then we have the first order derivatives continuous and the second order derivatives
discontinuous in the equation (1). In both cases we can effectively use Matlab routine “ pdepe” for
solving initial-boundary value problems for parabolic-elliptic PDEs in the one space variable x and
time t. The ordinary differential equations (ODEs) resulting from discretization in space are integrated
to obtain approximate solutions at times. The integration of time is done with Matlab stiff solver
“ode15s”.
2.

The Matlab routine “ pdepe”
The routine solves PDEs of the following form (u(x,t) = T(x,t)):

c ( x, t , u ,

∂u ∂u
∂
∂u
∂u
)
=
( f ( x, t , u, )) + s ( x, t , u, ),
∂x ∂t
∂x
∂x
∂x

where f – flux term;
s – source term.
Discontinuities in c, f and/or s due to material interfaces are permitted provided that a mesh point
is placed at each interface.
For all t and either x = 0 or x = L, the solution components satisfy a boundary condition of the
form

p ( x , t , u ) + q ( x, t ) f ( x, t , u ,

∂u
) = 0,
∂x

In the call
sol = pdepe (0,pdefun,icfun,bcfun,xmesh,tspan)
pdefun computes the terms c, f, s in the form [c,f,s] = pdefun (x,t,u,dudx),
icfun evaluates the initial conditions in the form u = icfun(x); when called with an argument x,
icfun evaluates and returns the initial values of the solution components at x in the column vector,
xmesh denote the x-mesh vector with xmesh(1) = 0 and xmesh(end) = L,
tspan denote the t-mesh vector with tspan(1) = 0 and tspan(end) = tb ,
bcfun evaluates the terms p and q of the boundary conditions in the form
[pl,ql,pr,qr] = bcfun(xl,ul,xr,ur,t),
where ul – approximate solution at the left boundary xl = 0;
ur – approximate solution at the right boundary xr = L;
pl and ql – column vectors corresponding to and evaluated at xl, similarly pr and qr
correspond to xr.
pdepe returns the solution as a two dimensional array sol : u = sol(:,:,1) is an
approximation to the solution u.
The element
u(j,k) = sol(j,k,1)
approximates u
at (t,x) = (tspan(j),xmesh(k)),
u = sol(j,:,1) approximates the solution at time tspan(j)
xmesh(:).
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3.

Some numerical results
For the numerical modelling Nt = 100 time steps, tb = 5000 s, N = 50 space steps are used. The
solutions are obtained in the time with the maximal temperature T(L, tb) = 994.47 ºC. The results are
obtained for t1 = 25 min, t2 = 50 min, t3 = tb = 83.33 min = 50000 s.
The results of calculation forone layer of the gypsum board (L = 0.025m, ρ = 1000 kg·m-3) are
shown in Figs. (3, 4) with T(0, t1) = 70.17 ºC , T(0, t2) = 208.6 ºC, T(0, t3) = 539.3 ºC (temperatures on
another side of the layer).

Fig. 3. Temperature T(0, t) and T(L, t)
changes on surfaces depending on time t

Fig. 4. Distribution of temperature T over
thickness of board at fixed time intervals

As shown in Fig. 3-4, after 50 minutes of burning at the gypsum plate on the other side the
temperature will already exceed 200 degrees. In Fig. 5 the modeling and experimental results are
compared for both surfaces at burning temperature T(L, t) ᕮ [476, 861] ºC.

Fig. 5. Numerical and experimental results in one layer
For two layers with total thickness L = 0.025 m for foam gypsum plate H1 = 0.0125m with density
ρ1 = 300 kg·m-3 and gypsum board H2 = 0.0125 m with density ρ2 = 1000 kg·m-3, the results of
numerical modeling are shown in Fig. 6 and 7, where T(0, t1) = 70.22 ºC, T(0, t2) = 199.9 ºC,
T(0, t3) = 512.5 ºC (discontinuous first derivatives).
In Fig. 8 the numerical and experimental results are compared for T(L, t) ᕮ [476, 902] ºC. In the
case of continuous first derivatives we have for numerical results of T(0, t) great difference from the
experimental data: T(0, t1) = 93.3 ºC, T(0, t2) = 363.5 ºC, T(0, t3) = 818.3 ºC (see Fig. 9).
For the numerical experiment we use also backward orientation: for foam gypsum plate
H2 = 0.0125 m with density ρ2 = 300 kg·m-3 gypsum board H1 = 0.0125 m with density
ρ2 = 2000 kg·m-3. We have T(0, t1) = 70.03 ºC, T(0, t2) = 192.95 ºC, T(0, t3) = 508.23 ºC (the
temperature for x = 0 in this case is smaller also in direct orientation).
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Fig. 6. Temperature T(0,t), T(H1,t) and T(L,t)
changes depending on time t in gypsum material
consisting of two layers

Fig. 7. Distribution of temperature T over
thickness of gypsum material consisting of
two layers at fixed time intervals

Fig. 8. Comparison of numerical and
experimental results in gypsum material
containing two different layers

Fig. 9. Comparison of numerical and
experimental results in gypsum material
containing two different layers (continuous
derivatives)

For three layers with total thickness L = 0.065 m for foam gypsum plates H1 = 0.026, H3 = 0.026m
and gypsum board H2 = 0.013m the results of calculation are presented in Fig. 10.

Fig. 10. Distribution of temperature T over thickness of gypsum material consisting
of three layers at fixed time intervals
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In Fig 10 it can be seen that T(0, t1) = 29.55ºC, T(0, t2) = 56.4 ºC, T(0, t3) = 123.6 ºC. Here it is
good to see that the wall, which contains foam gypsum with a gypsum board in the middle well
delayed fire spreading. After 50 min. of burning walls on one side, the other side of the wall would be
only 56 ºC. After 23 min (total time 83 min) this temperature has risen more than 2 times to 123 ºC.
Conclusions
1. For the heat transfer process modelling in gypsum layers the PDEs with coefficients of thermal
conductivity and special heat dependence in temperature T are considered.
2. The corresponding initial boundary value problem approximation and calculation is based on the
program package Matlab routine “pdepe” algorithm.
3. Proposed procedure allows to use a simple engineering algorithm for solving mass transfer
equations for different substances in layered domain with different materials.
4. The results of numerical modelling give some new knowledge and physical interpretations about
the drying process in layered gypsum material domain.
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