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Abstract. The stability of the equilibrium configuration for the open segment of the elastic pipeline, conveying
inertia fluid, is under consideration. To do this, the fundamental laws of the Euler Dynamics are used, formulated
for arbitrary open systems. It is strictly shown that the impact at the end of the pipeline construction by the
pressing force and the reactive force of the recoil jet are identical. As a consequence of this identity is shown the
possibility of the non-rectilinear equilibrium configuration of the elastic pipeline existence. Such type of static
configuration for the open segment of the pipe depends on the boundary conditions and may appear if the speed
of the stream reaches to the critical value. The reactive force of the jet for the critical speed of the flow is equal
to the critical value of the compressive force at which the rectilinear configuration of the rod system becomes
unstable according to the classical scenario. This proves that the mechanisms of stability lose rectilinear
configuration of the elastic pipe, conveying inertial flow under the influence at the end of the pressing force and
the recoil force of the jet being the same.
Keywords: pipeline stability, non-conservative system.

Introduction
Currently, at the determination of stability conditions of equilibrium configurations of the open
pipeline systems the role of the recoil force of the jet flowing out of the pipe remains unclear. Several
problems on vibrations and stability of the rectilinear configurations of the pipeline systems are
reviewed in [1]. However, the Feodosyev comments for the solutions of these problems do not give
clear explanation whether the squeezing of the open pipeline by the recoil force of the jet is the main
cause the of stability loss of its straight equilibrium configuration. Or some other physical phenomena
lead to the loss of stability of the open pipeline segment?
Uncertainty about the significance of the influence of the recoil force of the jet on the properties
of the open pipeline system is reflected in very many studies of stability of the pipeline segment,
through which the inertia fluid is flowing. The studies of the deformable straight cantilever pipe
vibrations with the inertial fluid flow were presented in literature [2; 3]. In these works the influence
of the recoil force of the jet at the pipe face end is absolutely ignored. The validity of this view is
questionable, as since 1966 until now, a satisfactory explanation of the paradoxical results of the
theoretical modeling of the dynamics of the cantilever pipe, conveying heavy fluid is not offered [1; 47]. Applied relevance of the proposed studies is identified by the need to ensure trouble-free operation
of pipeline systems in the light of the prospects of mining from the bottom of the seas and oceans, as
well as a large-scale operation currently performed in a network of underwater pipelines.
In mechanics, the pipeline systems are considered as elongated structures consisting of hollow
thin rods along which a given flow rate is provided due to the energy of external devices to transported
inertial flow. Longitudinal flow rate is a parameter, which is affordable to variation, affecting the
stability of the pipeline system. The presence of the pumping device provides a nonconservative
property to the pipeline systems [1; 4; 7].
Most mathematical models of pipe systems conveying the inertial fluid flow, described in
literature, are focused solely on the numerical analysis [7; 8]. There is lack of analytical results in the
branches of mechanics, studying vibrations and stability of pipelines with the inertial fluid flow. In
this regard, there are inconsistencies and contradictions in the interpretation of the theoretical study of
the interaction between an elastic inertia pipe and the inertia flow [4-6; 8; 9].
An open pipeline segment
Consider the model of the pipeline system segment shown in Fig. 1. The kinematics of the system
allows only one degree of freedom. So we hope to obtain the transparent analytical results [10]. The
configuration of the system is completely determined by the angle value ϕ . The system is composed
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of two thin hollow flow guiding rods with the interior channels of the cross section area F . An
incompressible inertia fluid with density ρ is supplied in the rods by a pump H.

1

2

Fig. 1. Pipeline with fixed direction of fluid leakage
The rods are closely connected by an elastic cylindrical hinge B. A flow guiding rod of mass
m1 and length l1 connects the hinges A and B. The axis of the rod coincides with the direction of the
mobile unit vector p1 . This rod is pinned in the fixed elastic cylindrical hinge A. A rod, connecting
the hinges B and D, is of length l 2 and mass m2 . The end D of this rod is pinned in a movable elastic
cylindrical hinge D. The hinge D is allowed to move along the unit vector i (Fig. 1).
The axis of the rod, connecting the hinges B and D, is directed along the movable unit vector p 2 .
The hole area in each hinge of the system, through which the liquid enters into the rods, shall be equal
to the cross sectional area of the interior channels of the flow guiding rods. Fluid is injected into the
system from outside through the hinge A. In the hinge D fluid leaves the rod system along a fixed
direction i . A virtual compressive force P = − Pi is applied to the hinge D. It plays an auxiliary role
for the analysis of the pipeline system stability.
The governing relations for the elastic hinges
Moments of the connections have elastic components, orthogonal to the plane of the drawing as
well as components to prevent the displacements of the system out of this plane.

M A = M *A + M elA e,
M D = M *D + M elD e,

M B = M *B + M elB e,

e • M *A = 0,

e • M *B = 0,

e = i× j
e • M *D = 0.

Let us denote by µ A the bending stiffness of the elastic element in the hinge A. For the elastic
component of the moment M A , acting on the rod, connecting the hinges A and B, we use the
constitutive relation M A − M *A = − µ A i × p1 . This relation is linear for small deviations of the system
from a straight configuration. For the elastic component of the moment M B , affecting on the rod
between the hinges A and B, we use a relation M B − M *B = µ Bp1 × p 2 , where µ B is the bending
stiffness of the elastic element in the hinge B. To describe the elastic component of the torque impact
on the rod connecting the hinges B and D, from the side of the hinge D, assume the relation
M D − M *D = µ Dp 2 × i . Here µ D is the bending stiffness of the elastic element in the hinge D. It is
obviously l1p1 + l 2 p 2 = l12 i , where, l12 is a distance between the hinges A and D. For the moment
impacts in the hinges, it is convenient to use the governing relations in the following form:

M A = M *A + µ A p1 × i, M B = M *B + µ B l 2−1l12 p1 × i,
M D = M *D − µ B l1l 2−1p 1 × i, p 1 × i = e sin ϕ ,

M *A ⋅ e = 0,

M *D ⋅ e = 0.

M *B ⋅ e = 0,

(1)

Nonconservatism
There is a constant inflow of energy from an external source in the considered system. Assume
the pump H provides a constant flow of fluid q in the hinge A. Let us denote by v the fluid speed
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through the hole with the area F in the hinge A. This speed is related to the fluid flow rate in the hinge
A by the relation:

q = ρFv .

(2)

As q is a constant, as well as the cross-sectional areas of the internal channels flow guiding rods,
the value of a longitudinal flow speed remains constant with respect to the axis of each rod for any
configuration of the deformable system.
The laws of motion for an open system
In accordance to the fundamental laws of the Euler dynamics, formulated for the bodies of
arbitrary nature in [11; 12], we can write the following relations

& AB = N + N + k AB , () • = d / dt
K
1
A
B
1
AB
A, AB
&
K
, r1 = l1p1 ,
2 , A = M A + M B + r1 × N B + k 2
& BD = −M + M + P + k BD , i • N = 0,
K
1
1
B
D
D
BD
A, BD
&
K
, r2 = l 2 p 2 ,
2 , A = M A + M B − r1 × N B + r12 × N D + k 2
Σ
A
,
ABD
&
K
= M +M +r ×N +k
, r =r +r .
2, A

A

D

12

D

2

12

1

(3)

2

Vectors N A , N B , N D , M A , M B , M D in (3) are the force and moment reactions of hinge
connections of the rod system. The relations (3) contain the vector measures of motion: K 1AB that is
the rectilinear (or kinetic) momentum of a flow guiding rod with the inertia fluid, connecting the
hinges A and B; K 2AB, A is the angular momentum with respect to the point A of this rod; K 1BD and

K 2BD, A are similar values for the rod connecting the hinges B and D; K Σ2, A = K 2AB, A + K 2BD, A is the total
angular momentum of the open rod system with respect to the point A.
Reactive terms
The reactive terms are included in (3) because each open rod exchanges the mass with its
surrounding. The term k 1AB is an inflow rate of the rectilinear momentum into the rod connecting the
hinges A and B; k 2A, AB is an inflow rate of the angular momentum with respect to the point A into the
rod connecting the hinges A and B; k 1BD is an inflow rate of the kinetic momentum into the rod
connecting the hinges B and D; k 2A, BD is an inflow rate of the angular momentum with respect to the
point A into the rod connecting the hinges B and D, and k 2A, ABD is an inflow rate of the angular
momentum with respect to the point A into the whole rod system. Constitutive relations for reactive
impacts on a rod system are obtained on the basis of determination

k 1AB = lim
∆t → 0

K 1in AB (t , ∆t ) − K 1out AB (t , ∆t )
.
∆t

(4)

In (4) K 1in AB (t , ∆t ) is the rectilinear momentum, entering into the open rod AB together with an
inertia fluid during the time ∆t ; K 1out AB (t , ∆t ) is the rectilinear momentum, leaving the open rod AB
during the time ∆t due to fluid outflow at the point B.

K 1in AB (t , ∆t ) = ∆mv sA , K 1out AB (t , ∆t ) = ∆mv sB , ∆m = q∆t .

(5)

In (5) the vector v sA is an absolute velocity of the inertia substance flow element supplied into the
open body at the point A; v sB is a similar value for the inertial fluid flow element flowing through the
face end B. For v As and v Bs we have
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v sA = vp1 , v sB = vp1 + Ω1 × r1 .
Here Ω1 = Ω1e is the angular velocity of the rod connecting the hinges A and B. Using (4) we
find

k 1AB = − qΩ1 × r1 .

(6)

The rectilinear momentum, leaving the rod between the hinges A and B, enters into the rod
connecting the hinges B and D. Thus,

K1in BD = ∆mv sB , K 1out BD = ∆mv sD .

(7)

The vector v sD = v B + Ω 2 × r2 + vi is the total flow velocity at the point D, the vector

Ω 2 = Ω 2 e is the angular velocity of the rod between the hinges B and D. So for k 1BD the definition
(4) gives

k 1BD = qvp1 − q (Ω 2 × r2 + vi ) .

(8)

Similarly, for the rate of angular momentum influx we obtain

k

A, AB
2

AB
(t , ∆t )
K in2 AB (t , ∆t ) − K out
2
= lim
= − ql12 Ω1
∆t
∆t →0

(9)

k

A, BD
2

BD
K in2 BD (t , ∆t ) − K out
(t , ∆t )
2
= lim
= ql12 Ω1 .
∆t
∆t → 0

(10)

For the selected type of inertial fluid leakage from the pipeline k 2A, ABD ≡ 0 .
Let us investigate the existence of the static solutions for (3). For such a solution the conditions
ϕ& = 0 and v ≠ 0 have to be satisfied. In this case, according to (6) and (9), we obtain k 1AB = 0 ,

k 2A, AB = 0 . As the left part of each equation in (3) is equal to zero, we can obtain the following
relation

MA + MB +

r1 × (i × M A + i × M D + i × k 2A, ABD )
= −r1 × (P + k 1BD ) .
i • r12

(11)

Using (1) and (7), we get a scalar equation from (11) as follows

0 = {µ A + µ B l 2−1l12 − (i • r12 ) −1 l1{µ A − µ D l1l 2−1 }p1 • i − ( P + qv)l1 } sin ϕ .

(12)

A rectilinear configuration corresponds to the trivial solution of equation (12), such as sin ϕ = 0 .
Let us verify the nontrivial case, if the term in the braces is equal to zero.
It is easy to see that

p1 • i = cos ϕ , l12 = i • r12 = l1 cos ϕ + l 2 i • p 2 .
If we denote i • p 2 = cosψ , it is geometrically obvious, that sinψ = l1l 2−1 sin ϕ .
Thus, cosψ = l2−1 l22 − l12 sin 2 ϕ . As a result, we get the relationship, connecting the value of ϕ
and the value of the sum, composed of the auxiliary face end squeezing force P and the recoil force of
the jet qv . The sum of both forces ensures the existence of the non-rectilinear equilibrium
configuration of the considered open system in case if the following is true

P + qv =

µA
l1

+

µ B l12
l1l 2

+ {µ D l1 − µ A l 2 }

l12 = l1 cos ϕ + l 22 − l12 sin 2 ϕ
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It is evident from (13), that the impact of the auxiliary compressing force P and the impact of the
recoil force of the jet qv are identical.
The impact of the compressive force on the stability of a rod structure is studied quite well. If one
assumes P = 0 , the open system remains under the compression by the jet recoil force qv , so
ignoring of this phenomenon is inadmissible.
Let us evaluate the solution of (12) for l1 = l 2 = l / 2 and small values of ϕ . Suppose that

cos ϕ ≈ 1 − ϕ 2 / 2 and sin ϕ ≈ ϕ . In this case it follows from (13)

ϕ st2 =

µ A + 4µ B + µ D − ( P + qv)l
.
2µ B

(14)

It is obvious, that for small angles ϕ st there exist at least two static configurations of the system
(Fig. 1) for which (13) is correct.
Conclusions
The solvability of (13) proves the equivalence of the compression effect on the open pipeline
system due to the squeezing by the canonical force P and the recoil force of the jet qv . It follows that
the rectilinear equilibrium configurations of the pipeline system with an inertia flow inside (Fig. 1)
loses the stability in accordance to the classical scenario in case if the recoil force of the jet exceeds
the critical value of the corresponding compressive face end force. This conclusion may be extended
on an open segment of any pipeline system. It does not deny the existence of the dynamical scenarios
for the loss of stability of a pipe system. But the critical squeezing by the recoil force at the face end of
the open segment has to be considered as one of the main scenarios. Up to now, the stability loss
mechanism of the pipeline with the flow of incompressible inertia fluid based on the squeezing of the
pipeline by the jet recoil force has not been discussed widely in literature because of lack of the
transparent and understandable analytical results.
References
1. Feodos’ev V.I. Selected Problems and Topics of the Resistance of Materials. Nauka, Moscow,
1973. (In Russian).
2. Ibrahim R.A. Overview of Mechanics of Pipes Conveying Fluids. Part I: Fundamental Studies
Journal of Pressure Vessel Technology, June 2010, vol.132, 034001-1.
3. Ibrahim R.A. Overview of Mechanics of Pipes Conveying Fluids. Part II: Applications and
Fluidelastic Problems //Journal of Pressure Vessel Technology, April 2011, vol.133, 024001-1.
4. Feodos’ev V.I. Vibrations and stability of a pipe when liquid flows through it. Inzhenernyi
Sbornink 10, 1951, pp. 169-170.
5. Paїdoussis M.P. Pipes, Conveying Fluid: Linear Dynamics I, in Fluid-Structure Interactions
Slender Structures and Axial Flow. Academic Press, London 1998, vol.1, pp. 63-163,
6. Elishakoff I., Vittori P. A paradox of non-monotonicity in stability of pipes conveying fluid.
Theoret. Appl. Mech., Belgrade 2005, Vol.32(3), pp. 235-282.
7. Bolotin V.V., Radin V.P., Chirkov V.P., Schugorev A.V. Stability of a pipeline section with
elastic support. Izvestiya RAS. M. 2009(1), pp.174-184.
8. Bolotin V.V. Nonconservative Problems of the Theory of Elastic Stability. Oxford-London-New
Yourk-Paris: Pergamon Presss, 1963. 324 p.
9. Hellum R., Mukherjee A. J. Hull Flutter instability of a fluid-conveying fluid-immersed pipe
affixed to a rigid body. Journal of Fluids and Structures 27, 2011, pp. 1086-1096.
10. A.D. Sergeev Rotation of a rod system containing inertial fluid flow. Journal of Applied
Mechanics and Technical Physics, 2012, vol. 53(6), pp. 934-939.
11. Truesdell C. A first course in rational continuum mechanics. Baltimore. Maryland: The John
Hopkins Univ., 1972
12. Zhilin P.A. Theoretical Mechanics: The Fundamental Laws of Mechanics. St. Petersburg State
Polytechnical University Press, St. Petersburg, 2003 (In Russian)

197

